A direct function theoretic method is applied to solve a weakly singular integral equation whose kernel involves logarithmic singularity. This method avoids the occurrence of strong singularity. The solution of this integral equation is then applied to re-investigate the well known problem of water wave scattering by a partially immersed vertical barrier.
Introduction
In this work we study the following integral equation with weakly singular kernel: a 0 φ(t) log t − x t + x dt = f (x), x ∈ (0, a).
(1.1)
Here φ(t) ∼ O(|t − a| −1/2 ) as t → a and f (x) is differentiable function with f (0) = 0. The integral equation (1.1) arises in the well studied problem of scattering of water waves by a thin vertical barrier partially immersed in deep water (cf. [1] ).
Usually, in the literature this integral equation is solved by reducing it to an integral equation with strongly singular kernel, namely a Cauchy type singularity. Banerjea and Kar [2] solved (1.1) directly without reducing to an integral equation with Cauchy kernel, but their solution function involved strong singularity. It is always desirable to avoid integrals with strong singularity as these are less amenable to numerical techniques. Recently Chakrabarti [3] devised a function theoretic method and applied it directly to solve weakly singular integral equation of the type (1.1) in the interval [a, b] . The solution function in his analysis does not involve any strong singularity. In the present work we have solved (1.1) following Chakrabarti's analysis with a little modification, in a simple manner. Here, the solution function does not involve any strong singularity. The well known results of Ursell's [1] problem are recovered.
Method of solution
In this section we solve the following integral equation using the function theoretic method:
where
We introduce a sectionally analytic function F(z) in the complex z(= x + iy)-plane, cut along the segment (−a, 0) ∪ (0, a) of the real axis, as given by
If we use the following results, valid for the limiting values of Φ(z) = log(z) ≡ log(x + iy);
we find the following limiting values of F(z):
From (2.5) we get the following Plemelj type alternative formulae:
Noting (2.9) we can write
Hence,
From (2.10) and (2.3) we get
Utilizing the above idea, we can solve the Riemann-Hilbert (R-H) problem (2.6) in the following form:
where A, B, C are constants and F 0 (z) is a solution of the homogeneous problem (2.6), i.e.
(2.14)
Using the relation (2.12), (2.13) and (2.8) along with the relation (2.9) we get
From (2.15) finally we get the solution of the integral equation (2.1). The solution φ(x) can be expressed as
It is clear from (2.15) that the original equation (2.1) can be solved if the following consistency conditions are satisfied:
We can determine the arbitrary constants A, B, C from (2.18). Thus using (2.18) φ(x) can be determined completely from (2.17). It is observed here that the solutions (2.17) and (2.16) of (2.1) do not involve any strong singularity. Now from consistency conditions (2.18) we get
(2.20)
In the next section we give the genesis of the integral equation (2.1) and use its solution to re-investigate the problem of scattering of water waves by a partially immersed vertical barrier.
Genesis of the integral equation
In the present section we re-investigate Ursell's [1] problem of scattering of water waves by a thin vertical barrier partially immersed in deep water occupying the position x = 0, 0 < y < a, the y-axis being directed downwards and the x-axis along the mean free surface. Assuming the motion to be two dimensional, irrotational and time harmonic, the velocity potential is represented by Re(φ(x, y) exp(−iσ t)), σ being the circular frequency. Here φ(x, y) satisfies the following boundary value problem:
where K = σ 2 g , g being the acceleration due to gravity,
∇Φ is bounded as r → 0, r = {(x)
Let G(x, y, ξ, η) be the source potential due to presence of a line source at (ξ, η), where G satisfies (3.1), (3.2), (3.5) and it behaves as outgoing wave as |x − ξ | → ∞. Then the form of G is given by (cf. [4] )
Applying Green's integral theorem to the function (φ(x, y) − exp(−K y + iK x)) and Green's function G(x, y, ξ, η) in the fluid region we get where C 1 is an unknown constant. After using (3.7), (3.10) and (3.11) can be written as
Integrating (3.12) we get
Making η → 0 we get C 2 = 0. So (3.14) becomes
This integral equation is the same as (2.1) with
Hence using (2.19) and (2.20) we get
Hence from (2.17),
From (3.13) we get
The constant C can be obtained by substituting (3.17) in (3.10). After making a simplification, C can be obtained as
where ∆ = π I 1 (K a) + ıK 1 (K a).
Noting (3.6) and taking ξ → ±∞ in (3.8), R and T can be obtained after using (3.7) and (3.17) as 
Conclusion
Thus a weakly singular integral equation is solved in a very simple manner by direct application of a function theoretic method without converting the weakly singular kernel into a strong one. As an application of this integral equation, a well known problem of scattering of water waves by a partially immersed vertical barrier is re-investigated.
